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GEODESIC ORBIT SPACES OF COMPACT LIE GROUPS OF RANK TWO
NIKOLAOS PANAGIOTIS SOURIS
Abstract. Geodesic orbit spaces are those Riemannian homogeneous spaces (G/H, g) whose
geodesics are orbits of one-parameter subgroups of G. We classify the simply connected geodesic
orbit spaces where G is a compact Lie group of rank two. We prove that the only such spaces for
which the metric g is not induced from a bi-invariant metric on G are certain spheres and projective
spaces, endowed with metrics induced from Hopf fibrations.
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1. Introduction
Geodesic orbit spaces (or g.o. spaces) (G/H, g) are natural generalizations of symmetric spaces,
satisfying the property that their geodesics are orbits of one parameter subgroups of G. Equiva-
lently, for any geodesic γ through the origin o = eH there exists a non-zero vector X in the Lie
algebra g of G such that
γ(t) = exp(tX) · o,
where exp : g→ G is the exponential map and · denotes the action of G on G/H. The G-invariant
metric g is also called geodesic orbit (or g.o. metric). Geodesic orbit spaces were initially considered
in [20]; since then they are extensively studied within the Riemannian, pseudo-Riemannian and
Finsler framework (see the recent studies [4], [10], [11], [18], [23], [32] and references therein), while
their complete classification remains open. On the other hand, important partial classification
results were obtained among other works in [2], [3], [12], [17] and [29].
Apart from symmetric spaces, other subclasses of g.o. spaces include weakly symmetric spaces
(G/H, g) with G being the full isometry group ([5], [31]), isotropy irreducible spaces ([30]), δ-
homogeneous spaces ([6]) as well as Clifford-Wolf homogeneous spaces ([7]). Another important
subclass whose complete description also remains open is that of naturally reductive spaces (see the
recent works [1], [25], [28] and references therein). Most known g.o. metrics are naturally reductive
with the prime example being the normal metrics, that is those metrics induced from bi-invariant
metrics on G. If G is compact then G/H admits at least one normal (and hence g.o.) metric g. If
G is semisimple and g is induced from the negative of Killing form of g then g is called standard.
In this paper we classify the simply connected Riemannian g.o. spaces (G/H, g), where G is a
compact Lie group of rank two and g is non-normal. It turns out that the only spaces satisfying
the above requirements are spheres and projective spaces, with the corresponding metrics being
deformation metrics along fibers of Hopf fibrations. More specifically, the classification is given by
the following theorem.
Theorem 1.1. The following are the only simply connected Riemannian geodesic orbit spaces
(G/H, g) such that G is a compact Lie group of rank two and g is not a normal metric:
(i) The sphere (S5 = SU(3)/SU(2), gλ), 1 6= λ > 0; here gλ denotes the one-parameter family of
deformations of the standard metric g1 along the fiber S1 of the Hopf fibration of S5 on the complex
projective space CP 2. The metrics gλ, λ > 0, exhaust the SU(3)-invariant metrics on S5.
(ii) The complex projective space
(
CP 3 = Sp(2)/(U(1)×Sp(1)), gλ) = (SO(5)/U(2), gλ), 1 6= λ > 0;
here gλ denotes the one-parameter family of deformations of the standard metric g1 along the fiber
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CP 1 of the Hopf fibration of CP 3 on the quaternionic projective space HP 1. The metrics gλ, λ > 0,
exhaust the Sp(2)-invariant metrics on CP 3.
(iii) The sphere (S7 = Sp(2)/Sp(1), gλ), 1 6= λ > 0; here gλ denotes the one-parameter family
of deformations of the standard metric g1 along the fiber S3 of the Hopf fibration of S7 on the
quaternionic projective space HP 1. The metrics gλ, λ > 0, exhaust the Sp(2) × Sp(1)-invariant
metrics on S7.
We remark that the aforementioned g.o. spaces are known in the literature, and for certain
values of the parameter λ they constitute examples of δ-homogeneous manifolds ([8]). The first two
spaces are also weakly symmetric manifolds. Finally, we have the following corollary of Theorem
1.1 for the compact Lie group G2.
Corollary 1.2. A homogeneous Riemannian space of the form (G2/H, g) is geodesic orbit if and
only if g is the standard metric.
Corollary follows from Theorem 1.1 and Corollary 2.9.
1.1. Overview of the proof. To prove Theorem 1.1, we firstly reduce the classification to those
simply connected g.o. spaces (G/H, g) such that G is semisimple and the Lie algebra h of H
is isomorphic to su(2). To obtain this reduction, we take into account the classification of the
compact, simply connected g.o. spaces of positive Euler characteristic ([3]) as well as the recent
characterization of the g.o. spaces (G/H, g) with G compact semisimple and H abelian ([27]).
For the description of the spaces G/H with G semisimple and h = su(2), we take into account the
explicit description of the embeddings of sl2C in the complexified Lie algebra g
C of G in [15] (see
also Table I). The corresponding embedding of su(2) in g is shown in Table II. For most spaces G/H
with h = su(2), we explicitly calculate the isotypic decomposition of the isotropy representation of
H on the tangent space To(G/H) (see further details in subsection 2.2). The isotypic decomposition
allows the explicit description of all G-invariant metrics on G/H.
A useful tool in identifying the candidate g.o. metrics among the G-invariant metrics is Lemma
2.4, combined with Lemma 2.6; These lemmas state that any g.o. metric on G/H induces a g.o.
metric on the homogeneous space G/NG(H
0) and a bi-invariant metric on the compact group
NG(H
0)/H0 (here H0 denotes the identity component of H and NG(H
0) denotes the normalizer
of H0 in G).
To decide whether a given metric is geodesic orbit, we also take into account the recent classifi-
cation of the g.o. spaces whose isotropy representation decomposes into two irreducible summands
in [12], the classification of the g.o. metrics on spheres in [22] as well as the classification of the
g.o. spaces fibered over irreducible symmetric spaces in [29]. Finally, a central argument for the
case G = G2 is Proposition 4.1, where we show that if the Lie algebra of NG2(H)/H is isomorphic
to su(2) then any g.o. metric on G2/H is standard.
In Section 2 we state some preliminary facts for invariant metrics on homogeneous spaces and
the isotropy representation (subsections 2.1 and 2.2). We also mention and derive some useful
simplification results for geodesic orbit metrics (subsection 2.3), while we list some special subgroups
H of G for which the g.o. metrics on G/H are known in the literature (subsection 2.4). Section 3
contains preliminary results about the root structure of the compact semisimple Lie algebras g of
rank two, the embeddings of sl2C in g
C and the corresponding embeddings of su(2) in g. Finally,
in Section 4 we prove Theorem 1.1.
2. Preliminaries on compact homogeneous spaces and geodesic orbit spaces
2.1. Homogeneous spaces G/H with G compact, and G-invariant metrics. Let G/H be
a homogeneous space with G compact, and let o = eH be its origin. Since the isotropy subgroup
H is closed in G, it is also compact. We denote by g, h the Lie algebras of G,H respectively. Let
Ad : G → Aut(g) be the adjoint representation of G and let ad : g → End(g) be the adjoint
representation of g, where adX Y = [X,Y ]. Since G is compact there exists an Ad-invariant inner
GEODESIC ORBIT SPACES OF COMPACT LIE GROUPS OF RANK TWO 3
product Q on g, which we will henceforth fix (for compact semisimple Lie algebras, the negative of
the Killing form is such a product). The Lie algebra g admits a Q-orthogonal decomposition
g = h⊕m,
where m is AdH -invariant (and hence adh-invariant). The space m can be naturally identified with
the tangent space To(G/H). A Riemannian metric g on G/H is called G-invariant if for all x ∈ G
the left translations τx : G/H → G/H, yH 7→ (xy)H, are isometries of (G/H, g). The G-invariant
metrics on G/H are in one to one correspondence with AdH -invariant inner products 〈 , 〉 on m,
and the latter are in one to one correspondence with endomorphisms Λ : m→ m satisfying
〈X,Y 〉 = Q(ΛX,Y ), X, Y ∈ m. (2.1)
An endomorphism Λ ∈ End(m) satisfying the above equation for some AdH -invariant inner product
〈 , 〉 is called a metric endomorphism and defines a unique G-invariant metric on G/H. It follows
that any metric endomorphism Λ is symmetric with respect to Q, positive definite and AdH -
equivariant, that is Adh ◦Λ = Λ ◦ Adh for all h ∈ H. Since Λ is AdH -equivariant, it is also
adh-equivariant and the converse holds if H is connected.
2.2. The isotropy representation and the form of the metric endomorphisms. The
isotropy representation AdG/H : H → Gl(m) is the restriction to m of the adjoint representa-
tion of H on g, i.e. AdG/H(h)X := AdhX for h ∈ H and X ∈ m. If H is connected, AdG/H is
completely determined by the corresponding isotropy algebra representation adg/h : h → End(m),
given by adg/h(a)X := adaX = [a,X] for a ∈ h and X ∈ m.
The space m admits a Q-orthogonal decomposition into irreducible AdG/H -submodules, and the
pairwise equivalent submodules comprise the isotypic components of AdG/H . More specifically, a
subspace p of m is called an isotypic component of AdG/H if the following two conditions hold:
(i) p = m1⊕· · ·⊕ml where mj, j = 1, . . . , l, are pairwise equivalent, irreducible AdG/H -submodules.
(ii) If n ⊆ m is a submodule of AdG/H which is equivalent to mj, j = 1, . . . , l, then n ⊆ p.
The tangent space m admits a unique Q-orthogonal decomposition
m = p1 ⊕ · · · ⊕ ps,
called the isotypic decomposition of AdG/H , where p1, . . . , ps are the isotypic components of Ad
G/H .
If H is connected, then the isotypic decomposition of AdG/H coincides with the isotypic decompo-
sition of adg/h. Any metric endomorphism Λ ∈ End(m) admits the block-diagonal form
Λ =


Λ|p1 0 · · · 0
0 Λ|p2 · · · 0
... · · · . . . ...
0 · · · · · · Λ|ps

 .
In particular, Λpj ⊆ pj . Moreover, if an isotypic component pj is AdH -irreducible (and thus
AdG/H -irreducible) then Λ|pj = λj Id. The same conclusion is true if H is connected and pj is
adh-irreducible.
An important isotypic component of the representation adg/h : h→ End(m) is the Lie algebra
p = {X ∈ m : [a,X] = 0 for all a ∈ h}, (2.2)
consisting of those elements in m to which h acts trivially. The irreducible adg/h-submodules
comprising p are one-dimensional. For a group K, denote by K0 its identity component. We have
the following.
Lemma 2.1. The isotypic component p defined by relation (2.2) coincides with the Lie algebra
ng(h)/h of the compact Lie group NG(H
0)/H0, where ng(h) = {X ∈ g : [a,X] ∈ h for all a ∈ h}.
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Proof. Consider the Q-orthogonal decomposition ng(h) = h ⊕ r. It suffices to show that p = r. In
view of the Q-orthogonal decomposition g = h ⊕ m, we have r = ng(h) ∩ m. Given that p is a
subset of both ng(h) and m, we obtain p ⊆ r. On the other hand, since ng(h) normalizes h we have
[r, h] ⊆ h, while the Ad-invariance of the product Q yields Q([r, h], h) ⊆ Q(r, [h, h]) ⊆ Q(r, h) = {0},
and thus [r, h] ⊆ r. The last inclusion along with inclusion [r, h] ⊆ h and the Q-orthogonality of h
and r yield [r, h] = {0}. Since r ⊂ m, the last relation yields r ⊆ p. 
2.3. Geodesic orbit metrics.
Definition 2.2. A G-invariant metric g on G/H is called a geodesic orbit metric (or a g.o. metric)
if any geodesic of (G/H, g) is an orbit of a one parameter subgroup of G. Equivalently, g is a
geodesic orbit metric if for any geodesic γ of (G/H, g) through the origin o there exists a non-zero
vector X ∈ g such that γ(t) = exp(tX) · o, t ∈ R. The space (G/H, g) is called a geodesic orbit
space (or g.o. space).
Let G/H be a homogeneous space with G compact. We henceforth fix an Ad-invariant inner
product Q on g and we consider the Q-orthogonal reductive decomposition g = h⊕m. We identify
each G-invariant metric on G/H with the corresponding metric endomorphism Λ ∈ End(m). The
following is a necessary and sufficient condition for Λ to define a g.o. metric.
Proposition 2.3. ([2], [26]) The metric endomorphism Λ ∈ End(m) defines a geodesic orbit metric
on G/H if and only if for any vector X ∈ m \ {0} there exists a vector a ∈ h such that
[a+X,ΛX] = 0. (2.3)
The prime example of a g.o. metric is the metric induced from an Ad-invariant inner product
on g. More specifically, a metric g on G/H is called normal if there exists an Ad-invariant inner
product Q0 on g and a Q0-orthogonal decomposition g = h⊕m such that the corresponding metric
endomorphism Λ ∈ End(m) is a scalar multiple of the identity. If Q0 is the negative of the Killing
form then the metric g is called standard.
There are several necessary conditions that simplify the form of Λ, given that the latter defines
a g.o. metric. One of the most important of those results is the following.
Lemma 2.4. ([23]) The inner product 〈 , 〉, generating the metric of a g.o. Riemannian space
(G/H, g), is not only AdH-invariant but also AdNG(H0)-invariant. In particular, if (G/H, g) is a
g.o. space then G/NG(H
0), endowed with the induced metric from g, is also a g.o. space.
Corollary 2.5. Let Λ ∈ End(m) be the metric endomorphism of a g.o. metric on G/H and let
q ⊂ m be the tangent space To(G/NG(H0)). Then the restriction Λ|q defines a g.o metric on
G/NG(H
0).
The following can be considered as a complementary result to Lemma 2.4; It shows that if
(G/H, g) is a g.o. space with G compact then the compact Lie group NG(H
0)/H0, endowed with
the induced metric, is also a g.o. space.
Lemma 2.6. Let (G/H, g) be a g.o. space with G compact and with corresponding metric endomor-
phism Λ. Then the restriction of Λ to the Lie algebra p ⊂ m of the compact Lie group NG(H0)/H0
defines a bi-invariant metric on NG(H
0)/H0.
Proof. The Lie algebra ng(h) of NG(H
0) admits a Q-orthogonal decomposition ng(h) = h ⊕ p,
where p is the Lie algebra of NG(H
0)/H0 (see also Lemma 2.1). We also have a Q-orthogonal
decomposition m = p ⊕ q, where q can be identified with the tangent space of G/NG(H0) at the
origin. Corollary 2.5 implies that Λ|q defines a g.o. metric on G/NG(H0) and hence Λq ⊆ q. Along
with the symmetry of Λ with respect toQ, we obtain Q(Λp, q) = Q(p,Λq) ⊆ Q(p, q) = {0}. The last
equation along with decomposition m = p ⊕ q yield Λp ⊆ p, and hence the restriction Λ|p : p → p
defines a left-invariant metric on NG(H
0)/H0. Since Λ defines a g.o. metric on G/H, Proposition
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2.3 implies that for any X ∈ p there exists a vector a ∈ h such that 0 = [a+X,ΛX] = [a+X, Λ|pX],
and thus Λ|p defines a g.o. metric on NG(H0)/H0. But any left-invariant g.o. metric on a Lie group
is necessarily bi-invariant ([3]), and thus Λ|p defines a bi-invariant metric on NG(H0)/H0. 
The importance of Lemma 2.6 lies in the fact that the g.o. (i.e. the bi-invariant) metrics on
compact Lie groups have a simple description. Recall that if G is a compact Lie group then its Lie
algebra g has the direct sum decomposition g = g1⊕ · · · ⊕ gk ⊕ z(g), where gj are the simple ideals
of g and z(g) is its center.
Lemma 2.7. ([13], [26]) Let G be a compact Lie group with Lie algebra g = g1 ⊕ · · · ⊕ gk ⊕ z(g).
A left-invariant metric g on G, with corresponding metric endomorphism Λ, is a g.o. metric (i.e.
a bi-invariant metric) if and only if
Λ =


λ1 Id|g1 0 · · · 0
...
. . . · · · ...
0 · · · λk Id|gk 0
0 · · · 0 Λ|z(g)

 , λj > 0.
2.4. Geodesic orbit spaces (G/H, g) for some special subgroups H. Let G be a compact,
connected semisimple Lie group. In studying the g.o. spaces of the form G/H, it is useful to
consider several categories of subgroups H of G such that the g.o. metrics on G/H have been com-
pletely described. In particular, the g.o. metrics on G/H are explicitly known in the following cases:
1. The isotropy representation AdG/H : H → Gl(m) is irreducible.
2. The space G/H is simply connected and the isotropy representation AdG/H : H → Gl(m)
decomposes into exactly two irreducible submodules.
3. The space G/H is fibered over an irreducible symmetric space G/K and is endowed with the
corresponding fibration metric. More specifically, there exists a Lie subgroup K with H ⊂ K ⊂ G
such that: (i) G/K is an irreducible symmetric space and (ii) the G-invariant metric on G/H is
induced (up to homothety) by an inner product of the form
gλ = (−Q)|MB×MB + λ (−Q)|MF×MF , (2.4)
where MB = To(G/K), MF = To(K/H) and Q is the Killing form of g.
4. The space G/H is simply connected and rank(H) = rank(G) (or equivalently, G/H has positive
Euler characteristic).
5. The subgroup H is abelian.
6. The dimension of G/H is less than or equal to six.
More specifically, in Case 1. any G-invariant metric on G/H is normal and thus any G-invariant
metric on G/H is g.o. The isotropy irreducible spaces are classified in [30]. For Case 2., there
exist several non-normal g.o. spaces. These are classified in [12]. For Case 3., the corresponding
spaces are classified in [29]. For Case 4., the corresponding spaces are classified in [3]. For Case
5., it was recently proven by the author that any g.o. metric on G/H, where G is a compact
connected semisimple Lie group and H is abelian, is necessarily normal ([27]). Finally, the g.o.
spaces (G/H, g) with dim(G/H) ≤ 6 are classified in [20].
We recall that the universal cover of a homogeneous space G/H is the homogeneous space G˜/H˜
where G˜ is the universal covering group of G and H˜ is the identity component of pi−1(H), where
pi : G˜ → G is the canonical projection ([24]). Moreover, the spaces G/H and G˜/H˜ are locally
diffeomorphic. As cases 2. and 4. concern simply connected spaces, the following result is useful.
Proposition 2.8. Let G/H, G˜/H˜ be homogeneous spaces with H˜ connected and such that the Lie
algebras of G and G˜ coincide and the Lie algebras of H and H˜ coincide.
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(i) Any G-invariant metric on G/H defines a G˜-invariant metric on G˜/H˜.
(ii) Any G-invariant g.o. metric on G/H defines a G˜-invariant g.o. metric on G˜/H˜.
(iii) If any invariant g.o. metric on G˜/H˜ is normal (resp. standard) then any invariant g.o. metric
on G/H is also normal (resp. standard).
Moreover, the converse of each of the statements (i) - (iii) is true if H is connected.
Proof. For convenience, we assume that G is compact although the result is true for any G. Let g
be the Lie algebra of G and G˜, and let h be the Lie algebra of H and H˜. For an (possibly variable)
Ad-invariant inner product Q on g, consider the Q-orthogonal decomposition g = h⊕mQ. Then mQ
can be identified with both tangent spaces To(G/H) and To(G˜/H˜). For part (i), any G-invariant
metric g on G/H corresponds to an AdH -invariant inner product 〈 , 〉 on mQ and thus any operator
ada, a ∈ h, is skew-symmetric with respect to 〈 , 〉. Since H˜ is connected, the skew-symmetry of
ada implies that 〈 , 〉 is AdH˜ -invariant and thus defines a G˜-invariant metric on G˜/H˜.
For part (ii), assume that g is a G-invariant g.o. metric on G/H and let ΛQ ∈ End(mQ) be
the corresponding metric endomorphism of g satisfying Equation (2.1). By part (i), ΛQ defines a
G˜-invariant metric on G˜/H˜. The fact that ΛQ defines a g.o. metric on G/H along with Proposition
2.3 imply that ΛQ also defines a g.o. metric on G˜/H˜. For part (iii), let g be a G-invariant g.o.
metric on G/H with metric endomorphism ΛQ ∈ End(mQ). Part (ii) implies that ΛQ defines a
G˜-invariant g.o. metric on G˜/H˜. By assumption, ΛQ is normal. Therefore, ΛQ0 = λ Id for some
Ad-invariant inner product Q0 on g, which in turn implies that g is normal. 
Corollary 2.9. If any G˜-invariant g.o. metric on the universal cover G˜/H˜ of G/H is normal
(resp. standard) then any G-invariant g.o. metric on G/H is also normal (resp. standard).
3. Compact, semsimple Lie algebras of rank two
In this section we describe the root structure of compact semisimple Lie algebras g of rank
two, the embeddings of sl2C in the complexified Lie algebra g
C and eventually the embeddings of
h = su(2) in g along with the orthogonal complement m of h in g.
3.1. General root structure. For the results in this subsection we refer to [19]. Let g be a
compact semisimple Lie algebra of rank two and let gC be its complexification. Then g is isomorphic
to one of the Lie algebras su(3), su(2) ⊕ su(2) = so(4), sp(2), g2. Accordingly, gC is isomorphic to
one of the Lie algebras A2 = sl3C, A1 ×A1 = sl2C⊕ sl2C, C2 = sp4C, gC2 .
For each of the aforementioned algebras g, let R ⊂ t∗ be the root system of gC with respect to
a Cartan subalgebra t of gC, let R+ be the set of positive roots and let Π = {α, β} be the set of
simple roots. We have the root decomposition gC = t⊕∑γ∈R gγ , where
gγ = {X ∈ gC : [a,X] = γ(a)X for all a ∈ t}.
Let QC and Q denote the Killing forms of gC and g respectively. The restriction of QC on t is
non-degenerate and induces a dual form ( , ) on t∗. For γ, δ ∈ t∗, δ 6= 0, set 〈γ, δ〉 := 2 (γ,δ)(δ,δ) . The
Cartan matrix of R is the matrix
(〈α,α〉 〈α, β〉
〈β, α〉 〈β, β〉
)
. For any γ ∈ t∗, let tγ be the corresponding
covector, defined by the relation QC(tγ , a) = γ(a) for all a ∈ t, and set Hγ := 2tγ(γ,γ) , γ 6= 0. We
consider root elements Eγ ∈ gγ such that the set {Hα,Hβ, Eγ : γ ∈ R} is a Chevalley basis of gC.
The vectors Hγ , Eδ, γ, δ ∈ R, satisfy the relations
[Hγ ,Hδ] = 0, [Hγ , Eδ ] = 〈δ, γ〉Eδ and [Eγ , Eδ] =


Nγ,δEγ+δ, if γ + δ ∈ R
Hγ , if γ + δ = 0
0, otherwise
, (3.5)
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where Nγ,δ are integers satisfying Nγ,δ = −Nδ,γ = −N−γ,−δ, and Nγ,δ is non-zero if and only if
γ + δ ∈ R. For γ ∈ R+, we set
Fγ := Eγ − E−γ , Gγ := i(Eγ + E−γ) and mγ := spanR{Fγ , Gγ}.
The set
B := {iHα, iHβ, Fγ , Gγ : γ ∈ R},
is basis of the compact real form g of gC. In particular, g admits the Q-orthogonal decomposition
g = it⊕
⊕
γ∈R+
mγ , where it = spanR{iHα, iHβ}. (3.6)
The Lie bracket relations between the vectors Fγ and Gγ can be calculated from relations (3.5) and
the values of the integers Nγ,δ. The relations are shown in the following lemma.
Lemma 3.1. Let γ, δ ∈ R with γ + δ 6= 0 and such that if γ − δ ∈ R then γ − δ > 0. Then
[Fγ , Fδ] = Nγ,δFγ+δ −Nγ,−δFγ−δ, [Fγ , Gδ ] = Nγ,δGγ+δ +Nγ,−δGγ−δ ,
[Gγ , Fδ] = Nγ,δGγ+δ −Nγ,−δGγ−δ, [Gγ , Gδ ] = −Nγ,δFγ+δ −Nγ,−δFγ−δ,
[Fγ , Gγ ] = 2iHγ .
Consequently, the spaces mγ , γ ∈ R+, satisfy the relation
[mγ ,mδ] ⊆
{
mγ+δ ⊕m|γ−δ|, if γ + δ ∈ R or γ − δ ∈ R
{0} , otherwise . (3.7)
Using relations (3.5) we obtain QC(Eγ , Eδ) =
1
〈γ,γ〉Q
C([Hγ , Eγ ], Eδ) =
1
2Q
C(Hγ , [Eγ , Eδ]) which,
along with the fact that QC(Hγ ,Hδ) =
4
(γ,γ)(δ,δ)Q
C(tγ , tδ) =
4(γ,δ)
(γ,γ)(δ,δ) , implies that
QC(Eγ , Eδ) =
{ 2
(γ,γ) if γ + δ = 0
0, otherwise
.
As a result and given that QC
∣∣
g×g
= Q, we have Q(Fγ , Gδ) = 0 and
Q(Fγ , Fδ) =
{ − 4(γ,γ) , if γ = δ
0, otherwise
, Q(Gγ , Gδ) =
{ − 4(γ,γ) , if γ = δ
0, otherwise
. (3.8)
3.2. The root system of complex semisimple Lie algebras gC of rank two.
If gC = A2, we have R = {±α,±β,±(α + β)}, with R+ = {α, β, α + β}. The Cartan matrix of
R is
(
2 −1
−1 2
)
, from which we may assume without any loss of generality that
(α,α) = 1 = 14Q
C(Hα,Hα), (α, β) = −12 = 14QC(Hα,Hβ) and (β, β) = 1 = 14QC(Hβ,Hβ).
Moreover, Nα,β = Nβ,−(α+β) = N−(α+β),α = 1.
If gC = A1×A1, we have R = {±α,±β}, with R+ = {α, β}. The Cartan matrix of R is
(
2 0
0 2
)
,
from which we may assume that
(α,α) = 1 = 14Q
C(Hα,Hα), (α, β) = 0 = Q
C(Hα,Hβ) and (β, β) = 1 =
1
4Q
C(Hβ ,Hβ).
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If gC = C2, we have R = {±α,±β,±(α+ β),±(α+ 2β)}, with R+ = {α, β, α+ β, α+ 2β}. The
Cartan matrix of R is
(
2 −2
−1 2
)
, from which we may assume that
(α,α) = 1 = 14Q
C(Hα,Hα), (α, β) = −12 = 18QC(Hα,Hβ) and (β, β) = 12 = 116QC(Hβ,Hβ).
Moreover, Nα,β = N−(α+β),α = N−(α+2β),α+β = Nβ,−(α+2β) = 1 and Nβ,−(α+β) = Nα+β,β = 2.
Finally, if gC = g2 we have R = {±α,±β,±(α + β),±(2α + β),±(3α + β),±(3α + 2β)} with
R+ = {α, β, α + β, 2α + β, 3α + β, 3α + 2β}. The Cartan matrix of R is
(
2 −1
−3 2
)
, from which
we may assume that
(α,α) = 1 = 14Q
C(Hα,Hα), (α, β) = −32 = 34QC(Hα,Hβ) and (β, β) = 3 = 94QC(Hβ,Hβ).
Moreover, we have (see also [21])
Nβ,α = Nβ,3α+β = N3α+β,−(3α+2β) = N2α+β,−(3α+β) = N2α+β,−(3α+2β)
= N−(3α+2β),α+β = N−(3α+2β),β = N−(3α+β),α = N−(α+β),β = 1,
Nα+β,α = Nα,−(2α+β) = N−(2α+β),α+β = 2, Nα,2α+β = Nα,−(α+β) = Nα+β,2α+β = 3.
3.3. Embeddings of su(2) in g. Assume that h = su(2). The following table shows the embed-
dings of hC = A1 = sl2C in g
C (up to conjugation by inner automorphisms), where g is a semisimple
Lie algebra of rank two. The main sources for this table are [15], [14] and [21].
hC = sl2C g
C
spanC{Eα+β , E−(α+β),Hα +Hβ} A2
spanC{Eα + Eβ, E−α + E−β,Hα +Hβ} A2
spanC{Eα, E−α,Hα} A1 ×A1
spanC{Eβ , E−β,Hβ} A1 ×A1
spanC{Eα + Eβ, E−α + E−β,Hα +Hβ} A1 ×A1
spanC{Eα+2β , E−(α+2β),Hα +Hβ} C2
spanC{Eα+β , E−(α+β), 2Hα +Hβ} C2
spanC{Eα + Eβ, 4E−α + 3E−β, 4Hα + 3Hβ} C2
spanC{Eα, E−α,Hα} gC2
spanC{Eβ , E−β,Hβ} gC2
spanC{
√
2(E3α+2β + E−β),
√
2(Eβ + E−(3α+2β)), 2H3α+β} gC2
spanC{
√
6Eα +
√
10Eβ ,
√
6E−α +
√
10E−β , 14H9α+5β} gC2
Table I: Embeddings of sl2C in complex semisimple Lie algebras g
C of rank two, up to conjugation
by inner automorphisms.
The following table shows the corresponding embedding of the compact Lie algebra h (up to
conjugation by inner automorphisms) in the compact real form g of gC. Moreover, using the values
(α,α), (α, β) and (β, β) given in subsection 3.2, the definition of the vectors Fγ , Gγ , relations (3.8),
and by taking into account the decomposition (3.6) of g, we explicitly describe the Q-orthogonal
complement m of h in g in terms of the generating set {iHγ , Fγ , Gγ : γ ∈ R} of g.
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h = su(2) m = h⊥ g
spanR{i(Hα +Hβ)} ⊕mα+β spanR{i(Hα −Hβ)} ⊕mα ⊕mβ su(3)
spanR{Fα + Fβ, Gα +Gβ, i(Hα +Hβ)} spanR{Fα − Fβ , Gα −Gβ , i(Hα −Hβ)} ⊕mα+β su(3)
spanR{iHα} ⊕mα spanR{iHβ} ⊕mβ so(4)
spanR{iHβ} ⊕mβ spanR{iHα} ⊕mα so(4)
spanR{Fα + Fβ, Gα +Gβ, i(Hα +Hβ)} spanR{Fα − Fβ , Gα −Gβ , i(Hα −Hβ)} so(4)
spanR{i(Hα +Hβ)} ⊕mα+2β spanR{iHα} ⊕mα ⊕mβ ⊕mα+β sp(2)
spanR{i(2Hα +Hβ)} ⊕mα+β spanR{iHβ} ⊕mα ⊕mβ ⊕mα+2β sp(2)
spanR{2Fα +
√
3Fβ, 2Gα +
√
3Gβ, spanR{
√
3Fα − Fβ,
√
3Gα −Gβ, i(2Hα −Hβ)} sp(2)
i(4Hα + 3Hβ)} ⊕mα+β ⊕mα+2β
spanR{iHα} ⊕mα spanR{iH3α+2β} ⊕mβ ⊕mα+β g2
⊕m2α+β ⊕m3α+β ⊕m3α+2β
spanR{iHβ} ⊕mβ spanR{iH2α+β} ⊕mα ⊕mα+β g2
⊕m2α+β ⊕m3α+β ⊕m3α+2β
spanR{
√
2(F3α+2β − Fβ),
√
2(G3α+2β +Gβ), spanR{
√
2(F3α+2β + Fβ),
√
2(G3α+2β −Gβ), g2
2iH3α+β} 2iHα+β} ⊕mα ⊕mα+β ⊕m2α+β ⊕m3α+β
spanR{
√
6Fα +
√
10Fβ,
√
6Gα +
√
10Gβ, spanR{
√
10Fα − 3
√
6Fβ,
√
10Gα − 3
√
6Gβ , g2
14iH9α+5β} 2iHα−β} ⊕mα+β ⊕m2α+β ⊕m3α+β ⊕m3α+2β
Table II: Embeddings of h = su(2) in compact semisimple Lie algebras g of rank two, up to
conjugation by inner automorphisms.
4. Proof of Theorem 1.1
Let G be a compact Lie group of rank two and let g be the Lie algebra of G. For a subgroup H
of G, let h denote its Lie algebra. We will firstly reduce Theorem 1.1 to the study of those spaces
(G/H, g) with G semisimple, simply connected and h = su(2).
4.1. Reduction to the case h = su(2). Assume initially that G is not semisimple. Since G is
reductive and has rank two, either G is abelian or g = su(2)⊕ spanR{X} = u(2), where spanR{X}
is the one-dimensional center of g. In the first case, any left-invariant metric on G is bi-invariant.
Therefore, any G-invariant Riemannian metric on a homogeneous space G/H is a normal metric
and hence a g.o. metric. In the second case, any Lie subalgebra h of g has the form h = h1⊕h2 where
h1 = h ∩ su(2) and h2 = h ∩ spanR{X}. Moreover, since su(2) does not contain any 2-dimensional
Lie subalgebras, h1 is either {0}, su(2) or spanR{Y }, Y ∈ su(2). Hence h = {0}, spanR{X}, su(2),
spanR{Y }⊕ spanR{X} or spanR{Y }. The corresponding space G/H is locally diffeomorphic to the
space G˜/H˜ = SU(2) × R, SU(2), R, SU(2)/SO(2) or (SU(2)/SO(2)) × R respectively. The first
three spaces are Lie groups and hence any g.o. metric is bi-invariant, i.e. normal. The last two
spaces are symmetric and thus any invariant metric is normal. By part (iii) of Proposition 2.8, any
g.o metric on G/H is also normal.
Now assume that G is semisimple and let (G/H, g) be a g.o space such that G/H is simply
connected. We recall that the universal cover of G/H is the homogeneous space G˜/H˜ , where G˜ is
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the universal covering group of G and H˜ is the identity component of pi−1(H), where pi : G˜ → G
is the canonical projection. Moreover, the universal covering group of a compact semisimple Lie
group is also compact and semisimple. Therefore, it suffices to assume that G is simply connected,
compact and semisimple, and H is connected.
Since H is a closed subgroup of G, it is compact. Hence h is a compact Lie algebra. Since the
rank of G is two, the dimension of a maximal abelian subalgebra (and thus a Cartan subalgebra)
of h is at most two. On the other hand, since h is a compact Lie algebra it is also reductive and
thus h = s⊕ z where s is semisimple and z is abelian. If h does not have maximal rank then h has
rank at most one and thus s = {0} or z = {0}. In the former case, h is abelian of rank (and hence
dimension) at most one. In the latter case, h is compact semisimple of rank one, and thus it is
isomorphic to su(2). Therefore, one of the following cases occurs for h:
Case I) h has maximal rank.
Case II) The dimension of h is at most one.
Case III) h = su(2).
In Case I), H has maximal rank in G. From the main theorem in [3] it follows that the only
compact, simply connected spaces G/H with G semisimple of rank two and rank(H) = rank(G)
that admit non-standard g.o. metrics are the flag manifolds SO(5)/U(2) and Sp(2)/(U(1)×Sp(1)),
which are diffeomorphic ([2]). Moreover, the Sp(2)-invariant metrics on Sp(2)/(U(1) × Sp(1)) are
induced from inner products of the form
gλ = λ (−Q)|MF×MF ⊕ (−Q)|MB×MB ,
where Q is the Killing form of sp(2),MF = To
(
(Sp(1)×Sp(1)/(Sp(1)×U(1))) = To(Sp(1)/U(1)) =
To(CP
1) and MB = To
(
Sp(2)/(Sp(1) × Sp(1))) = To(HP 1) (see for example [2], [8] or [29]).
Hence the metrics gλ are deformations of the standard metric g1 along the fiber CP 1 of the Hopf
fibration of CP 3 = Sp(2)/(Sp(1) × U(1)) on HP 1. Any metric gλ is a g.o. metric. The space(
Sp(2)/(U(1) × Sp(1)), gλ) yields part (ii) of Theorem 1.1.
In Case II), H is abelian and the main theorem in [27] implies that any g.o. metric on G/H is
normal. Therefore, it remains to investigate Case III). We will do so for each of the distinct cases
g = su(3), so(4), sp(2), g2, for which we refer to Table II.
4.2. The case h = su(2) and g = su(3). The corresponding simply connected group is G = SU(3).
According to Table II, there are two distinct embeddings of h in g up to conjugation by inner
automorphisms.
Firstly, assume that h = spanR{i(Hα + Hβ)} ⊕ mα+β. The corresponding simply connected
space G/H is the weakly symmetric sphere S5 = SU(3)/SU(2). Taking into account the explicit
expression of m in Table II, the definition of the spaces mγ , relations (3.7) as well as the Lie bracket
relations in Lemma 3.1 along with the values of the integers Nγ,δ in subsection 3.2, we deduce that
the isotropy algebra representation adg/h : h → End(m) (see subsection 2.2) admits the isotypic
decomposition m = p ⊕ q, where p = spanR{i(Hα − Hβ)} and q = mα ⊕ mβ. The submodules p
and q are adh-irreducible and hence any G-invariant metric on G/H is induced (up to homothety)
from an inner product gλ of the form
gλ = λ (−Q)|p×p + (−Q)|q×q .
We remark that the metrics gλ exhaust the both the SU(3)-invariant and the U(3)-invariant metrics
on S5 = SU(3)/SU(2) = U(3)/U(2) ([22]). The latter are deformation metrics corresponding to
the fibration U(3)/U(2) → U(3)/(U(2) × U(1)) with fiber U(1). Here p = To(U(1)) = ToS1,
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q = To
(
U(3)/(U(2) × U(1))) = ToCP 2 and thus the metrics gλ can be considered as a one-
parameter family of deformations of the standard metric g1 along the fiber S1 of the Hopf fibration
S5 → CP 2. According to [20] (Theorem 4.4) or [22], any of the above metrics is a g.o. metric.
Secondly, assume that h = spanR{Fα + Fβ , Gα + Gβ, i(Hα + Hβ)}. Taking into account the
explicit expression of m in Table II, and using the same reasoning as above, we deduce that the
isotropy representation adg/h : h → End(m) is irreducible. In fact, G/H is the symmetric space
SU(3)/SO(3). Hence any G-invariant metric on G/H is the standard metric.
We conclude that the only non-normal simply connected g.o. space of the form (SU(3)/H, g),
with h = su(2), is the sphere (SU(3)/SU(2), gλ). This yields part (i) of Theorem 1.1.
4.3. The case h = su(2) and g = so(4) = su(2) ⊕ su(2). According to Table II, there are three
distinct embeddings of h in g up to conjugation by inner automorphisms. If h = spanR{iHα}⊕mα
or h = spanR{iHβ} ⊕ mβ then m = su(2) and the corresponding simply connected space G/H
is diffeomorphic to SU(2). In that case, any g.o. metric is bi-invariant and hence normal. If
h = spanR{Fα + Fβ , Gα + Gβ , i(Hα + Hβ)} then m is adh-irreducible, the corresponding simply
connected space G/H is diffeomorphic to the sphere SO(4)/SO(3) and any G-invariant metric on
G/H is normal. We conclude that for any g.o. space (G/H, g), the metric g is normal.
4.4. The case h = su(2) and g = sp(2). The corresponding simply connected group is G = Sp(2).
According to Table II, there are three distinct embeddings of h in g up to conjugation by inner
automorphisms.
Firstly, assume that h = spanR{i(Hα + Hβ)} ⊕ mα+2β. The corresponding simply connected
space G/H is the sphere S7 = Sp(2)/Sp(1). Taking into account the explicit expression of m in
Table II, relations (3.7) as well as the Lie bracket relations in Lemma 3.1 along with the values of
the integers Nγ,δ in subsection 3.2, we deduce that the isotropy representation ad
g/h : h→ End(m)
admits the isotypic decomposition m = p⊕ q where p = ng(h)/h = spanR{iHα} ⊕ mα = su(2) and
q = mβ ⊕mα+β.
Assume that Λ ∈ End(m) is a metric endomorphism corresponding to a g.o. metric on G/H. The
isotypic component q is adh-irreducible and thus Λ|q = µ Id. Moreover, Lemma 2.6 implies that
Λ|p defines a bi-invariant metric on NG(H)/H. Given that p is a simple Lie algebra, Lemma 2.7
yields Λ|p = λ Id. We conclude that a g.o. metric on G/H is necessarily induced (up to homothety)
from an inner product of the form
gλ = λ (−Q)|p×p + (−Q)|q×q .
We have q = To
(
Sp(2)/(Sp(1) × Sp(1))) = To(HP 1), p = To(Sp(1)× Sp(1)/Sp(1)) = To(Sp(1)) =
To(S
3) and hence the metrics gλ are deformations of the standard metric g1 along the fibers S3 of
the Hopf fibration of S7 on the symmetric space HP 1. According to [22], Section 3, the metrics
gλ exhaust the Sp(2) × Sp(1)-invariant metrics on Sp(2)/Sp(1) and they are geodesic orbit (see
Theorem 1 in [22] or [29]).
Now assume that h = spanR{i(2Hα+Hβ)}⊕mα+β . Taking into account the explicit expression of
m in Table II, relations (3.7) as well as the Lie bracket relations in Lemma 3.1 along with the values
of the integers Nγ,δ in subsection 3.2, we deduce that the isotropy representation ad
g/h : h→ End(m)
admits the isotypic decomposition m = p ⊕ q where p = spanR{iHβ} and q = mα ⊕ mβ ⊕ mα+2β.
Moreover, both components p, q are adh-irreducible. Taking into account the list of the non-normal
simply connected geodesic orbit spaces with two irreducible isotropy summands in [12], and in
particular Theorem 2, we deduce that there is no such space with G = Sp(2) and h = su(2). Hence
any g.o. metric on the corresponding space G/H is normal (and in fact standard).
Finally, assume that h = spanR{2Fα +
√
3Fβ, 2Gα +
√
3Gβ , i(4Hα + 3Hβ)}. Again taking into
account the explicit expression of m in Table II, relations (3.7) as well as the Lie bracket relations
in Lemma 3.1 along with the values of the integers Nγ,δ in subsection 3.2, we deduce that m is
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adh-irreducible and hence the space G/H is isotropy irreducible (in fact it is the isotropy irreducible
space Sp(2)/SU(2) [30]). As a result, any G-invariant metric on G/H is standard.
We conclude that the only non-normal simply connected g.o. space of the form (Sp(2)/H, g),
with h = su(2), is the sphere (Sp(2)/Sp(1), gλ). This yields part (iii) of Theorem 1.1. It remains
to show that for any simply connected space of the form (G2/H, g) with h = su(2), the metric g is
normal (i.e. standard).
4.5. The case h = su(2) and g = g2. The corresponding simply connected group is G = G2.
According to Table II, there are four distinct embeddings of h in g up to conjugation by inner
automorphisms. Before we examine them case by case, we will need the following preliminary
result.
Proposition 4.1. Let H be a connected subgroup of G2 with Lie algebra h = su(2) and consider the
Q-orthogonal reductive decomposition g2 = h⊕ m. Assume that the isotypic component p = {X ∈
m : [a,X] = 0 for all a ∈ h} of the isotropy representation adg2/h : h → End(m) is isomorphic to
su(2). Then the only Riemannian G2-invariant g.o. metric on G2/H is the standard metric.
To prove Proposition 4.1, we will need the following lemma.
Lemma 4.2. Up to conjugation by inner automorphisms, there is a unique subalgebra of g2 iso-
morphic to su(2)⊕ su(2) = so(4).
Proof. Up to conjugation by inner automorphisms, the maximal Lie subalgebras of g2 that have
maximal rank are the algebras su(2)⊕ su(2) and su(3) ([9]). If there existed another embedding of
su(2)⊕ su(2) in g2 then the algebra would be contained in a maximal subalgebra of maximal rank,
i.e. in su(3). But this is a contradiction since the only regular subalgebras of su(n+ 1)C = An are
of the form Ak1 + · · ·+Aks where
∑s
i=1(ki + 1) = n+ 1 (see for example [16]). 
Proof of Proposition 4.1. Let Λ ∈ End(m) be a metric endomorphism corresponding to a g.o.
metric and let 〈 , 〉 be the corresponding inner product on m. By Lemma 2.1, p coincides with the
Lie algebra ng2(h)/h of NG2(H)/H. Lemma 2.6 implies that Λ|p defines a bi-invariant metric (and
hence a g.o. metric) on NG2(H)/H. Since p is simple, Lemma 2.7 yields
Λ|p = µ Id . (4.9)
Consider the Q-orthogonal decomposition m = p ⊕ q. The space q coincides with the tangent
space To(G2/NG2(H)) and Corollary 2.5 implies that Λ|q defines a g.o. metric on G2/NG2(H).
On the other hand, the fact that ng2(h) = h ⊕ p = su(2) ⊕ su(2) = so(4) along with the fact that
the embedding of su(2) ⊕ su(2) in g2 is unique up to conjugation by an inner automorphism of g2
(Lemma 4.2) imply that q coincides with the tangent space of the symmetric space G2/SO(4). Thus
q is adng2 (h)-irreducible and hence the g.o. metric Λ|q satisfies Λ|q = λ Id. Along with Equation
(4.9), we conclude that
〈 , 〉 = λ (−Q)|q×q + µ (−Q)|p×p .
Here q coincides with the tangent space at the origin of the symmetric space G2/SO(4) and p
coincides with the tangent space at the origin of the fiber SO(4)/(H ∩ SO(4))0, where we note
that the Lie algebra of the compact, connected group (H ∩ SO(4))0 is also h. By part (ii) of
Proposition 2.8, the metric 〈 , 〉 on G2/H also defines a G2-invariant g.o. metric on the space
G2/(H ∩ SO(4))0, which is fibered over the irreducible symmetric space G2/SO(4). Besides, the
metric 〈 , 〉 has the form (2.4). Taking into account the classification table of the g.o. spaces fibered
over irreducible symmetric spaces in [29], we deduce that 〈 , 〉 is necessarily the standard metric
on G2/(H ∩ SO(4))0, or equivalently, Λ = λ Id. Therefore, Λ also defines the standard metric on
G2/H. 
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We now proceed to examine each of the four cases h = su(2) and g = g2 in Table II. Firstly,
assume that h = spanR{iHα} ⊕ mα. Taking into account the explicit expression of m in Table II,
relations (3.7) as well as the Lie bracket relations in Lemma 3.1 along with the values of the integers
Nγ,δ in subsection 3.2, we deduce that the isotypic component
ng(h)/h = {X ∈ m : [a,X] = 0 for all a ∈ h},
of adg/h coincides with the Lie algebra spanR{iH3α+2β} ⊕ m3α+2β which is isomorphic to su(2).
Proposition 4.1 then implies that any g.o. metric on the corresponding space G2/H is standard.
Secondly, assume that h = spanR{iHβ}⊕mβ. Using the same arguments as above we deduce that
the isotypic component p = ng(h)/h coincides with the Lie algebra spanR{iH2α+β}⊕m2α+β, which
is isomorphic to su(2). Again, Proposition 4.1 implies that any g.o. metric on the corresponding
space G2/H is standard.
Now assume that h = spanR{
√
2(F3α+2β−Fβ),
√
2(G3α+2β+Gβ), 2iH3α+β}. Taking into account
the explicit expression of m in Table II, relations (3.7) as well as the Lie bracket relations in
Lemma 3.1 along with the values of the integers Nγ,δ in subsection 3.2, we deduce that the isotropy
representation adg/h : h→ End(m) admits the isotypic decomposition m = p⊕ q, where
p = spanR{
√
2(F3α+2β + Fβ),
√
2(G3α+2β −Gβ), 2iHα+β} ⊕m3α+β and q = mα ⊕mα+β ⊕m2α+β.
Moreover, the submodules p, q are adh-irreducible. Taking into account the classification of the non-
normal simply connected geodesic orbit spaces (G/H, g) with two irreducible isotropy summands
in [12], and in particular Theorem 2, we deduce that there is no such space with G = G2. Hence
any g.o. metric on the corresponding space G2/H is normal (in fact standard).
Finally assume that h = spanR{
√
6Fα+
√
10Fβ,
√
6Gα+
√
10Gβ , 14iH9α+5β}. Again taking into
account the explicit expression of m in Table II, relations (3.7) as well as the Lie bracket relations
in Lemma 3.1 along with the values of the integers Nγ,δ in subsection 3.2, we deduce that m is
adh-irreducible and hence the corresponding space G2/H is isotropy irreducible (see also [30]). As
a result, any G-invariant metric on G2/H is standard. This concludes the proof of Theorem 1.1.
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